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Bosons have a natural instinct to condense at zero temperature. It is a long-standing challenge to
create a high-dimensional quantum liquid that does not exhibit long-range order at the ground state,
as either extreme experimental parameters or sophisticated designs of microscopic Hamiltonian are
required for suppressing the condensation. Here, we show that ultra cold atoms with synthetic
spin-orbit coupling provide physicists a simple and practical scheme to produce a two-dimensional
algebraic quantum liquid at the ground state. This quantum liquid arises at a critical Lifshitz point,
where the single-particle ground state shrinks to a point from a circle in the momentum space, and
many fundamental properties of two-dimensional bosons are changed in its proximity. Such an ideal
simulator of the quantum Lifshitz model allows experimentalists to directly visualize and explore
the deconfinement transition of topological excitations, an intriguing phenomenon that is difficult
to access in other systems.
Bosons are well known for preferring to form a Bose-
Einstein condensate (BEC) at low temperatures. Such is
the case for most bosonic systems in three dimensions.
In lower dimensions, the reduced coordination enhances
quantum fluctuation and BEC is either absent (one di-
mension) or confined to strictly zero temperature (two di-
mensions). Whereas these textbook results of the ground
state of bosons are intrinsically determined by the funda-
mental Bose-Einstein statistics and can be qualitatively
understood in the non-interacting limit, there have been
intensive interests to explore schemes for suppressing con-
densation at zero temperature. The success of such an
effort will pave the way for creating novel quantum body
ground states without ordering[1–10]. However, a chal-
lenge is that the currently devised schemes require either
extreme experimental conditions, such as a fast rotation
of an atomic cloud at a frequency extremely close to that
of the trapping potential, or delicate designs of sophisti-
cated Hamiltonian, such as lattice models containing ring
exchange or even more complicated terms. The lofty goal
of experimentally realizing a non-condensed quantum liq-
uid as the ground state in high dimensions has not been
achieved yet.
Synthetic spin-orbit coupling is one of the most
important developments in current studies of ultra
cold atom physics[11–16]. Whereas the current interest
on this topic has been mainly focusing on topological
matters, here we show that synthetic spin-orbit coupling
provides one an unprecedented means to suppress the
condensation in two dimensions even at zero temperature
and produce an algebraic quantum liquid as the ground
state of interacting bosons. This novel quantum state
is induced by a fully quartic dispersion at a Lifshitz
point, where the quadratic term of the spatial gradient
vanishes in the Hamiltonian describing low energy
physics. Surprisingly, such a synthetic spin-orbit cou-
pling leads to a natural realization of quantum Lifshitz
model, an important theoretical tool for studying a wide
range of exotic phenomena in modern physics, including
the deconfinement transition in condensed matter
physics[17–22] and quantum gravity in high energy
physics [23–26]. Despite its profound applications in
fundamental physics, such a model has not been realized
in a realistic system before, because of the difficulty of
suppressing the quadratic term of the spatial gradient
that is always dominant in the low-energy effective
theories for ordinary quantum many-body systems. Our
work shows that the high controllability of ultra cold
atoms allows one to create an ideal simulator of quantum
Lifshitz model, which leads to a controllable scheme
to access the Lifshitz point, where exotic quantum
phenomena occur. This atomic simulator can be used
to directly probe intriguing phenomena, including van-
ishing Berezinskii-Kosterlitz-Thouless (BKT) transition
temperature and the deconfinement transition of vortices
in superfluids.
Quartic dispersion and effective dimension
reduction We consider the Hamiltonian of two-
dimensional bosons with spin-orbit coupling (SOC),
K = 1
2m
(
pˆ2x + pˆ
2
y − 2λ(σxpˆx + ησypˆy) + 2λΩσz
)
, (1)
where m is the mass, pˆi=x,y is the momentum operator, λ
and 0 ≤ η ≤ 1 characterize the strength and anisotropy
of SOC repsectively. h¯ and kb are been set to be 1 in
this manuscript. For η = 0, K describes the synthetic
SOC produced by the Raman scheme, where Ω is pro-
portional to Raman frequency. For η = 1, K is identi-
cal to Rashba coupling with a magnetic field along the
z axis. Many theoretical studies have proposed how to
produce a SOC with finite strengths along multiple spa-
tial directions[27–29]. It is very promising that a fully
controllable Hamiltonian in equation (1) will be realized
in the near future.
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FIG. 1: Single-particle dispersion ±k at different values of Ω. (a) The minimum of 
−
k forms a circle if Ω < Ωc. 
−
k is quadratic
and quartic along the radial and tangent direction of the circle respectively. (b) The circle shrinks to a single point at k = 0
when Ω = Ωc. At this critical point, 
−
k becomes quartic at small |k|. (c) If Ω > Ωc, the minimum remains to be a single point
in the momentum space, and −k becomes quadratic again at small |k|. (d-f) Top view of the single-particle energy minimum.
Blue long and green short arrows represent the quadratic and quartic dispersions along the kx and ky directions.
We start from the isotropic case where η = 1. For
fermions, this model has been extensively studied in the
context of topological matters. For bosons, it has been
much less explored except for the special case with Ω = 0.
Including a finite Ω, the kinetic energy can be written as
±k =
1
2m
(
k2 ± 2λ
√
Ω2 + k2
)
, (2)
where ± corresponds to the upper and lower branch re-
spectively. It is straightforward to show that there ex-
ists a critical value Ω0c = λ. If Ω > Ω
0
c , 
±
k has a
unique minimum at k = 0. When Ω < Ω0c , the mini-
mum forms an infinitely degenerate circle with a radius
|k| ≡ k0 =
√
λ2 − Ω2. This circle shrinks to a single
point at k = 0 when Ω = Ω0c , and 
−
k at small k = |k|
may be expanded as
−k =
1
2m
(
−2λ2 + 1
4λ2
k4 +O(k6)
)
, (3)
which becomes quartic other than the conventional
quadratic ones of ordinary particles, as shown in figure
(1). If one considers the identity,
∫
dk =
∫
dN (), where
N () is the density of states and  ∼ |k|4 at small |k|,
one immediately sees that N () at low energies  → 0
becomes N () ∼ −1/2, similar to the one of an ordinary
one-dimensional system. Without physically reducing
the dimension of the system, for instance, by imposing
a strong confinement potential to completely quench the
kinetics along one spatial direction, spin-orbit coupling
here partially suppresses the kinetic energy along all spa-
tial directions through changing the ordinary quadratic
dispersion to a much flattened one ∼ |k|4, and leads to an
effective dimension reduction. As seen from the density
of states, such an effective dimension reduction allows
one to directly conclude that for non-interacting bosons,
a condensate is absent even at zero temperature when
Ω = Ω0c . If one includes interaction effects, as shown
later, such a fully quartic dispersion along all the spa-
tial directions is the microscopic origin for the rise of a
Lifshitz point in the low-energy effective theory[30, 31].
It is worth pointing out that a similar quartic dispersion
in two dimensions can be produced in a shaken square
lattice (Supplementary Material).
A simulator of Quantum Lifshitz model Ultra
cold bosons interact through a contact potential,
U =
∫
dr
((
g0 +
gs
2
)
nˆ2 − gs
2
Sˆ2z
)
, (4)
where nˆ = nˆ↑ + nˆ↓ is the total density operator, and
Sˆz = nˆ↑− nˆ↓. g0 + gs2 and − gs2 characterize the strength
of density-density interaction and spin-dependent inter-
action respectively. Mean field solutions are pursued by
minimizing the ground state energy using the ansatz
Ψ = e
iσypi
4
√
ρeiθ
( − sin(φ/2)e−iχ/2
cos(φ/2)eiχ/2
)
, (5)
where ρ and θ are the density and the phase respectively.
φ and χ characterize the spin orientation. A unitary
transformation U = e
iσypi
4 is introduced for avoiding the
ambiguity of defining χ at the north and south poles of
the Bloch sphere.
Mean field results show that interaction shifts the crit-
ical point to Ωc = λ − gsmρ/λ. Ωc reduces to Ω0c if
gs = 0. The mean field value of the phase θ0 is 0
and λ
√
1− Ω2/Ω2c x for Ω > Ωc and Ω < Ωc respec-
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FIG. 2: Condensate fraction and correlation function. Left: Condensate fraction as a function of δ = (Ω − Ωc)/Ωc evaluated
using parameters ρ0 = 0.125λ
2, g0 = 0.8m
−1, g = −0.001g0. At the critical point δ = 0, condensate fraction is suppressed down
to zero. Near the critical point, it scales as a power-law function of δ on both sides of the critical point. Inset is the log-log plot,
which directly shows the power-law scaling when δ → 0. Right: a log-log plot of correlation function at different δ evaluated
using parameters ρ0 = 1.25λ
2, g0 = 0.8m
−1, g = −0.001g0. At the critical point, the correlation function is completely a power-
law function. The linear fit provides Kc = 2.72, close to the analytical result 2.78. Near the critical point, the correlation
function approaches a constant when |x|→∞ , and the power-law feature emerges in an intermediate length scale.
FIG. 2: Condensate fraction and correlation function. Left: Condensate fraction as a function of δ = (Ω − Ωc)/Ωc evaluated
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−1, g = −0.001g0. At the critical point δ = 0, condensate fraction is suppressed down
to zero. Near the critical point, it scales as a power-law function of δ on both sides of the critical point. Inset is the log-log plot,
which directly shows the power-law scaling when δ → 0. Right: a log-log plot of correlation function at different δ evaluated
using parameters ρ0 = 1.25λ
2, g0 = 0.8m
−1, g = −0.001g0. At the critical point, the correlation function is completely a power-
law function. The linear fit provides Kc = 2.72, close to the analytical result 2.78. Near the critical point, the correlation
function approaches a constant when |x| → ∞, and the power-law feature emerges in an intermediate length scale.
tively, analogous to the zero-momentum[32] and plane-
wave condensate[33, 34] in three dimensions. Whereas
both states break U(1) symmetry, the latter one also
breaks the rotation symmetry in the momentum space,
as interaction lifts the infinite degeneracy on the circle of
kinetic energy minimum[35]. Another (first order) tran-
sition from the plane-wave phase to a stripe phase at
Ω′c < Ωc is not relevant to our discussions here. To in-
clude quantum fluctuations, we introduce ρ = ρ0 + δρ,
θ = θ0 + δθ, χ = χ0 + δχ and φ = φ0 + δφ, where the
subscript 0 represents the mean field result and δ repre-
sents the fluctuation. δρ, δχ, and δφ, which are massive
due to repulsive interaction and spin-momentum locking
induced by SOC respectively, are integrated out. The
gapless phase fluctuation δθ is incorporated using imag-
inary time path integral, Z =
∫
Dθe−
∫
dτdxdyL(θ), where
τ = it, and L(θ) is an effective low-energy Lagrangian.
For Ω ≥ Ωc, we obtain
L(θ) = ατ (∂τθ)2 + α(∇θ)2 + β(∇2θ)2 + . . . , (6)
where ατ =
1
4g0
, α = ρ02m
Ω−Ωc
λ+Ω−Ωc , β =
ρ0
8m(λ+Ω−Ωc)2 ,
and the ellipsis represents terms that are higher order in
derivative expansion or contribute to observables only as
higher order corrections (Supplementary Note 2). It is
interesting to note that equation (6) describes the Quan-
tum Lifshitz model, an important tool for studying exotic
phenomena in many subjects of modern physics, ranging
from charge fractionalization and deconfinement transi-
tion in condensed matter physics [17–22] to quantum
gravity in high energy physics[23–26]. Whereas Quantum
Lifshitz model has not been realized in a realistic system
before, synthetic SOC naturally provides physicists an
ideal simulator of it, since all parameters in equation (6)
are well controlled. In particular, it allows one to ac-
cess the Lifshitz point, where α(∇θ)2 vanishes at Ωc, by
tuning Ω. A sequence of exotic phenomena emerge here,
such as the suppression of condensation, the rise of an
algebraic bosonic liquid, and the deconfinement of topo-
logical excitations. Unlike other systems where Quantum
Lifshitz model remains a purely theoretical description,
the field θ here directly corresponds to physical observ-
ables of ultra cold atoms, and all the above intriguing
phenomena can be experimentally probed in our system.
Suppressed condensation and emerged alge-
braic quantum liquid Condensate density is pro-
vided by n0↑ = 0, n0↓ = n0 = ρe−〈θ
2〉. As 〈θ2〉 =
Z−1
∫
Dθθ2e−
∫
dτdxdyL(θ), we have
n0 = ρ0 exp
(
− 1
4pi
√
ατ
∫
dq
q
(αq2 + βq4)
1
2
)
. (7)
When α = 0, the sound velocity vanishes and the low-
lying excitation spectrum becomes ωq =
√
β/ατq
2. Such
an unconventional collective excitation spectrum funda-
mentally changes thermodynamic properties of the sys-
tem. For instance, it leads to a linear specific heat at low
temperatures,
Cv =
pi
12
√
2mλ2
ρ0g0
T, (8)
different from the conventional T 2 behavior in ordinary
4two-dimensional bosons. More importantly, one notes
an infrared divergence
∫
dqq−1 in equation (7), which
usually occurs in one dimension for ground states of
ordinary bosons. Such a divergence here destroys the
two-dimensional condensation of interacting bosons at
T = 0. This is a purely quantum effect, different
from thermal fluctuation suppressed condensation in ei-
ther two or three dimensions[36, 37]. The characteristic
long-range order at the ground state of ordinary two-
dimensional systems is then replaced by an algebraic
one. The one-body correlation function 〈Ψˆ†↓(r)Ψˆ↓(0)〉 =
ρ0e
−〈(θ(0)−θ(r))2〉/2 becomes power-law like,
〈Ψˆ†↓(r)Ψˆ↓(0)〉 = ρ0e−
γ−ln 2
2Kc
( |r|
ξ
)− 12Kc
(9)
where γ is the Euler-Mascheroni constant, and ξ =
(2mρ0g0)
−1/2 is the healing length. Kc = pi
√
ρ0
2g0mλ2
is an effective Luttinger liquid parameter to characterize
this algebraic quantum liquid.
Whereas we focus on infinite systems in this
manuscript, it is worth mentioning the finite size effects
at the Liftshitz point. In a finite system, a cutoff Λ = 1/L
in the momentum space, where L is the linear size of the
system, removes the infrared divergence in the integral in
equation (7) even when α = 0, and therefore produces a
finite-size-effect induced condensation, similar to an or-
dinary one-dimensional finite system. By choosing the
lower bound of the integral as Λ, we obtain
n0 = ρ0
(
ξ
L
) λ
piρ0ξ
, (10)
which shows that n0 decreases as a power-law function
of the linear size of the system and eventually vanishes
in the thermodynamic limit.
Near the critical point, whereas n0 becomes finite, its
amplitude is strongly suppressed due to the smallness
of α. We define q∗ that satisfies αq∗2 = βq∗4. As the
quadratic and quartic terms are relatively more impor-
tant in the Lagrangian for q < q∗ and q > q∗ respec-
tively, the integral in equation (7) may be approximated
by α−
1
2
∫ q∗
0
dq+ β−
1
2
∫ Λ
q∗ dqq
−1, where Λ = ξ−1 is a large
momentum cutoff. Within this approximation, we ob-
tain the scaling form for the condensate density near the
critical point,
n0 = ρ0e
− 1K
(
4(Ω− Ωc)(λ+ Ω− Ωc)ξ2
) 1
2K ∼ δ 12Kc ,
(11)
whereK = λKc/(λ+ Ω− Ωc) and δ = (Ω−Ωc)/Ωc. This
result shows that synthetic SOC provides one a unique
tool to control the condensation at the ground state with-
out sophisticated designs of the microscopic Hamiltonian.
Equation (11) is verified by an exact numerical evaluation
of equation (7).
δ
η
TBKT
FIG. 3: BKT transition temperature TBKT as a function of
δ and the anisotropy of SOC η. Black curves represent TBKT
at different fixed values of η. Red lines represent where TBKT
vanishes. For any values of η < 1, TBKT is suppressed down
to zero at one critical point δc(η). For the isotropic case η = 1,
TBKT remains zero if δ ≤ δc(η = 1). The red dot indicates
the Lifshitz point.
When Ω < Ωc, α becomes negative, and the phase
gradient becomes finite. The low energy effective La-
grangian is reformulated around the new class of mean
field solution, and we obtain
L′(θ) =α˜τ (∂τθ)2 + αx(∂xθ)2 + βx(∂2xθ)2
+ βy(∂
2
yθ)
2 + βxy(∂x∂yθ)
2 + . . . ,
(12)
where the lengthy expressions for the coefficients are
given in the Supplementary Note 2. When Ω = Ωc, L′(θ)
and L(θ) become identical. If Ω < Ωc, L′(θ) has only
one quartic mode along the y direction. This come from
the fact that ±k has an infinite degeneracy on the circle
k = k0, similar to the case where Ω = 0[36, 38]. A single
quartic mode in two dimensions is not sufficient to de-
stroy the long-range order at T = 0, and the condensate
fraction becomes finite again when Ω decreases from Ωc
, i.e., n0 ∼ (Ωc − Ω) 12Kc .
The algebraic bosonic liquid at Ω = Ωc and the strong
suppression of condensation near this Lifshitz point can
be directly probed by measuring the momentum distri-
bution and the correlation function. When Ω = Ωc,
nσ(q) =
∫
dreiq·r〈Ψˆ†σ(r)Ψˆσ(0)〉 ∼ q
1
2Kc
−2. Such a power-
law singularity signifies the algebraic order. In the vicin-
ity of Ωc, the power-law like feature readily emerges in
an intermediate momentum scale q∗ < q < ξ−1 due to
the dominant quartic term in equation (6) in this region.
This can be easily understood from the correlation func-
tion in the real space. In the region ξ < |r| < 1/q∗,
5〈Ψˆ†σ(r)Ψˆσ(0)〉 is a power-law function, and approaches a
constant n0σ when |r|  1/q∗, as shown by the numeri-
cal results in figure 2. At the critical point, 1/q∗ diverges
and 〈Ψˆ†σ(r)Ψˆσ(0)〉 remains algebraic at arbitrarily large
distances. Expressions for the correlation function at dif-
ferent length scales are given in the Supplementary Note
2.
Deconfinement transition and vanishing
TBKT We now turn to the deconfinement tran-
sition. For conventional two-dimensional bosons,
vortices are the characteristic topological exci-
tations and are confined by a logarithmic force
Uv = 2piρs
∫
drdr′m(r) ln |(r− r′|)m(r′), analogous to
the Coulomb force in two-dimensional electrons[39].
m(r) is the density of vortices at r and ρs is the super-
fluid stiffness. A direct consequence of the confinement
is a finite Berezinsky-Kosterlitz-Thouless transition
temperature TBKT , below which free vortices are pro-
hibited due to the binding of vortex and anti-vortex[40].
Synthetic SOC changes this fundamental property of
two-dimensional bosons.
At finite temperatures, the low-energy physics is dom-
inated by the zero frequency mode ω = 0 of the La-
grangian in equation (6). The effective Hamiltonian at
T 6= 0 can be formulated as
Heff =

∫
drα(∇θ)2, Ω > Ωc∫
drβ(∇2θ)2, Ω = Ωc∫
dr
(
αx(∂xθ)
2 + βy(∂
2
yθ)
2
)
, Ω < Ωc.
(13)
For Ω > Ωc, the Hamiltonian corresponds to an or-
dinary XY model. ρs = α/2 is controlled by δ =
(Ω − Ωc)/Ωc. When α decreases down to zero, ρs
becomes zero, and the long-range Coulomb interaction
among vortices disappears. As ∇2θ = m(r), one obtains
Heff =
∫
drβ(∇2θ)2 = β ∫ drdr′m(r)δ2(r− r′)m(r′) at
Ω = Ωc, i.e., the interaction between vortices becomes a
short-range one[19]. Once a vortex and anti-vortex pair
is created by thermal excitations, the short-range inter-
action could not prevent them from deconfinement. A
direct consequence is then a vanishing TBKT . Near the
critical point, TBKT is given by the ordinary Berezinsky-
Kosterlitz-Thouless theory,
TBKT = piα ∼ Ω− Ωc. (14)
For Ω < Ωc, the Hamiltonian can be regarded as an
extreme case of the anisotropic XY model∫
dr(αx(∂xθ)
2 + αy(∂yθ)
2), (15)
with αy = 0. For αy 6= 0, one could per-
form a simple rescaling along the y direction,
and define r′ = (x′, y′) = (x, (αx/αy)
1
2 y) so
that H ′eff =
√
αxαy
∫
dr′(∇r′θ)2. This gives
TBKT = pi
√
αxαy, and hence TBKT vanishes as
αy → 0, similar to a special case Ω = 0 studied
before[38]. H ′eff shows that the logarithmic interaction
between vortices vanishes if αy = 0, and vortices are
also deconfined, as a consequence of the vanishing sound
velocity along the y direction.
TBKT can also be calculated for anisotropic SOC,
where 0 ≤ η < 1 and the Hamiltonian is an anisotropic
XY model as in equation (15). The coefficients of the
effective Lagrangian are provided in the Supplementary
Note 2. There always exists a critical point Ωc(η), where
the coefficient of (∂xθ)
2 vanishes. Due to the presence
of (∂yθ)
2 for 0 ≤ η < 1, condensate fraction is finite,
with a minimum at Ωc(η). This fact can be qualitatively
understood in the non-interacting limit, where the single
particle spectrum becomes
−k ≈
1
2m
(
1
4λ2
(k4x + η
4k4y) + (1− η2)k2y +
η2
2λ2
k2xk
2
y
)
(16)
for small momenta. At Ωc(η), the density of states be-
comes N () ∼ −1/4, which does not lead to divergent
quantum depletion at zero temperature. In contrast,
TBKT is suppressed down to zero at Ωc(η) due to the van-
ishing (∂xθ)
2 term in the Hamiltonian, as shown in figure
3, and vortices are deconfined at this point. As men-
tioned before, the current Raman scheme corresponds to
the extreme case where η = 0. Experimentalists are read-
ily able to observe the quenched TBKT in two dimensions.
By taking images of atomic densities, the distribu-
tion of vortices, including their locations and separations,
have been measured[41, 42]. Moreover, TBKT has been
measured using a variety of schemes[43–45]. This allows
a direct visualization of the deconfinement transition in
the system, and a vanishing TBKT serves as a signature of
such deconfinement. The scaling form of TBKT as shown
in equation (14) allows experimentalists to locate the de-
confinement transition point without tuning Ω exactly at
Ωc.
The study on two-dimensional bosons has been a long-
term important effort in the field of ultra cold atom
physics[43–45]. Though the presence of a condensate
as the ground state and a finite Berezinskii-Kosterlitz-
Thouless transition temperature have been familiar to
physicists, we have shown that a synthetic spin-orbit cou-
pling offers physicists a simple and practical scheme to
defeat these standard textbook results by producing a
quartic dispersion. Moreover, it leads to the realization
of an ideal simulator of quantum Lifshitz model for ac-
cessing intriguing phenomena that are important in many
other fields, such as deconfinement transitions of topo-
logical excitations. As it is of fundamental interest in
condensed matter physics community to explore quan-
tum phases without ordering at the ground state, we
hope that our work will stimulate more studies on us-
6ing the highly controllable synthetic SOC for taming the
ordering in many-body states of ultra cold atoms and for
exploring novel quantum phenomena that are not acces-
sible in solids. We also hope that this atomic simulator
of quantum Lifshitz model may be useful for high energy
physics community on the topic of quantum gravity in
the future.
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Supplementary Materials
Quartic dispersions in shaken lattices
By shaking a lattice, an effective spin-orbit coupling can be produced, where band indices play the role of spin[S1,S2].
If one shakes a one-dimensional lattice, it has been shown that a quartic dispersion could be produced[S1,S2,S3]. This
method can be straightforwardly generalized to two dimensions.
For a shaken square lattice, the lattice potential can be written as
V (x, y) = V0
(
cos
(
2pi
d
(x+ f cosωt)
)
+ cos
(
2pi
d
(y + f cosωt)
))
. (17)
When the shaking frequency ω is tuned to be close to the band gap Eg between the s and p bands, these three bands
are coupled by the photon-assistant hybridization. The Hamiltonian is written as
Hshaken =
 −ts(cos kx + cos ky) + δ C CC∗ −ts cos kx + tp cos ky 0
C∗ 0 tp cos kx − ts cos ky
 (18)
where ts and tp are the tunneling amplitude, δ = ω−Eg is the detuning. The interband coupling C can be written as
C = −
∫
V0
2
J1(f)Ws(x, y) cos
(
2pi
d
x
)
Wpx(x, y) = −
∫
V0
2
J1(f)Ws(x, y) cos
(
2pi
d
y
)
Wpy (x, y) (19)
where J1(f) is the Bessel function, and Ws(x, y), Wpx(x, y) and Wpy (x, y) are the Wannier wave functions of the three
bands.
Whereas this 3 × 3 matrix can be exactly diagonized, it is useful to analytically demonstrate the emergence of
quartic dispersion. The energy of the dressed s band can be written as
Es = −ts(cos kx + cos ky) + δ − |C|
2
(tp + ts) cos ky − δ −
|C|2
(tp + ts) cos kx − δ (20)
It can be expanded as
Es = α(k
2
x + k
2
y) + β(k
4
x + k
4
y), (21)
where
α =
1
2
(
ts − |C|2 ts + tp
(ts + tp − δ)2
)
(22)
8β =
1
24
(
−ts − |C|
2(ts + tp)(δ + 5(ts + tp)))
(ts + tp − δ)3
)
(23)
A slight difference with the SOC results discussed in the main text is that the lattice potential reduces the symmetry
to a four-fold one, instead of a full rotation symmetry in the momentum space.
The quadratic term vanishes at a critical value δc,
δ±c = ts + tp ±
(
ts + tp
ts
) 1
2
|C| (24)
At δ+c ,
β =
1
4
ts
C
√
ts(ts + tp) > 0 (25)
Effective theory for 0 < η ≤ 1
We consider the two-dimensional Hamiltonian
H =
∫
d2~r
{
~Ψ†
1
2m
[
~p2 − 2λ(σxpx + ησypy) + 2λΩσz
]
~Ψ
}
+
∫
d2~r
{(
g0 +
g
2
)
[~Ψ†~Ψ]2 − g
2
[~Ψ†σz~Ψ]2
}
, (26)
with 0 < η ≤ 1 characterizing the spatial anisotropy in spin-orbit coupling. The system was analyzed with the ansatz
~Ψ = exp(iσypi/4)
√
ρeiθ
( − sin(φ/2) e−iχ/2
cos(φ/2) e+iχ/2
)
. (27)
Mean field solution that minimizes the energy functional is found, and it takes different forms for Ω larger than or
smaller than its critical value Ωc = λ− gsmρ0/λ:
θ0 =λ cosφ0x;
sinφ0 =
{
Ω/Ωc for Ω < Ωc
1 for Ω ≥ Ωc ;
χ0 =0.
(28)
The long-wavelength limit of the system is studied by developing Gaussian effective theories around the mean-field
solution through incorporating fluctuations ρ→ ρ0 + δρ, φ→ φ0 + δφ, χ→ χ0 + δχ and θ → θ0 + θ.
1. Ω ≥ Ωc
Expanding the Lagrangian about the mean-field solution, up to quadratic order of the fluctuations we have
L ≈δρ
[
g0 − 1
8mρ0
~∇2
]
δρ+ δρ
[
i∂τθ +
λ
2m
η∂yδφ− λ
2m
∂xδχ
]
+ δφ
[
ρ0λ
2
2m
Z0 − ρ0
8m
~∇2
]
δφ
+ δφ
[
−iρ0
2
∂τδχ+
ρ0λ
m
∂xθ
]
+ δχ
[
ρ0λ
2
2m
Z0 − ρ0
8m
~∇2
]
δχ+ δχ
[
η
λρ0
m
∂yθ
]
− ρ0
2m
θ~∇2θ,
(29)
where
Z0 = 1 +
Ω− Ωc
λ
≥ 1 (30)
is defined in such a way that it is dimensionless and equals to 1 at Ω = Ωc.
The fields ρ, φ and χ are all gapped and can be integrated out, giving the effective Lagrangian for θ
L′(θ) =θ
[
− 1
4g0
∂2τ −
ρ0(Z0 − 1)
2mZ0
∂2x −
ρ0(Z0 − η2)
2mZ0
∂2y +
ρ0
8mλ2Z20
∂4x +
(1 + η2)ρ0
8mλ2Z20
∂2x∂
2
y +
η2ρ0
8mλ2Z20
∂4y
+
(
λ2Z0 + g0mρ0
8g0λ4Z30
+
1− Z0
32g20mρ0Z0
)
∂2τ∂
2
x +
(
η2(λ2Z0 + g0mρ0)
8g0λ4Z30
+
η2 − Z0
32g20mρ0Z0
)
∂2τ∂
2
y
]
θ.
(31)
9In particular, for the isotropic case with η = 1 we obtain
L(θ) =θ
[
− 1
4g0
∂2τ −
ρ0(Z0 − 1)
2mZ0
~∇2 + ρ0
8mλ2Z20
(~∇2)2 +
(
λ2Z0 + g0mρ0
8g0λ4Z30
+
1− Z0
32g20mρ0Z0
)
∂2τ ~∇2
]
θ. (32)
Alternatively, at the critical field Ω = Ωc, we have
L′(θ) =θ
[
− 1
4g0
∂2τ −
ρ0(1− η2)
2m
∂2y +
ρ0
8mλ2
∂4x +
(1 + η2)ρ0
8mλ2
∂2x∂
2
y +
η2ρ0
8mλ2
∂4y
+
(
λ2 + g0mρ0
8g0λ4
)
∂2τ∂
2
x +
(
η2(λ2 + g0mρ0)
8g0λ4
+
η2 − 1
32g20mρ0
)
∂2τ∂
2
y
]
θ,
(33)
in which the ∼ ∂2x term is suppressed, leading to the vanishing of TBKT .
At the quantum critical point Ω = Ωc and η = 1, we have Z0 = 1 and the usual dominant spatial derivative
∼ ~∇2 is suppressed, giving the Quantum Lifshitz model
Lc(θ) =θ
[
− 1
4g0
∂2τ +
ρ0
8mλ2
(~∇2)2
]
θ, (34)
where the term ∼ ∂2τ ~∇2 can be dropped as it now enters as a higher order correction in the absence of the usual
∼ ~∇2 term.
2. Ω < Ωc
In the same manner the Lagrangian is expanded as
L ≈δρ
[
g˜0 − 1
8mρ0
~∇2
]
δρ+ δρ
[
i∂τθ +
i
2
cosφ0∂τδχ− (gsρ0 cosφ0 sinφ0)δφ+ λ
2m
η∂yδφ− λ
2m
sin2 φ0∂xδχ
]
+ δφ
[(
λ2ρ0
2m
− gsρ
2
0
2
cos2 φ0
)
− ρ0
8m
~∇2
]
δφ+ δφ
[
− i
2
ρ0 sinφ0∂τδχ− λρ0
2m
sinφ0 cosφ0∂xδχ+
λρ0
m
sinφ0∂xθ
]
+ δχ
[
λ2ρ0
2m
sin2 φ0 − ρ0
8m
~∇2
]
δχ+ δχ
[
ηλρ0
m
sinφ0∂yθ − ρ0
2m
cosφ0~∇2θ
]
− ρ0
2m
θ~∇2θ
(35)
where g˜0 = g0 + gs cos
2 φ0/2. Note the additional dependence on φ0 as it is now a function of Ω.
In integrating out each of the massive fields ρ, φ and χ, the coefficients in the effective Lagrangian receive
corrections and the expressions are substantially more complicated than those for Ω ≥ Ωc. The corrections are
expressed in terms of symbols Z ′s and Y ′s, which are all defined in such a way that they are dimensionless and
equal to 1 at Ω = Ωc (regardless of the value of η). The effective Lagrangian for θ is
L′(θ) =θ
[
− 1
4g0
Zθττ∂
2
τ −
ρ0
2m
(1− Zθxx)∂2x −
ρ0(1− η2)
2m
∂2y + i
ρ0
2λ
(1− Zθτx)∂τ∂x
]
θ
+ θ
[
λ2 + g0mρ0
8g0λ4
Zθττxx ∂
2
τ∂
2
x +
(
η2(λ2 + g0mρ0)
8g0λ4
+
η2 − 1
32g20mρ0
)
Zθττyy∂
2
τ∂
2
y
−i 1
g0mλ
(1− Zθτxyy) ∂τ∂x∂2y − i
1
g0mλ
(1− Zθτxxx) ∂τ∂3x
+
ρ0
8mλ2
Zθxxxx∂
4
x +
(1 + η2)ρ0
8mλ2
Zθxxyy∂
2
x∂
2
y +
η2ρ0
8mλ2
Zθyyyy∂
4
y
]
θ,
(36)
and the lengthy expressions for Z and Y in terms of the system parameters are listed in the last section of this
supplementary material. Note also that the coefficients of the effective Lagrangian are continuous at Ω = Ωc.
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Condensate fraction and correlation functions
The effective Lagrangian was computed via derivative expansion and terms up to 4th order are kept. The most
general effective Lagrangian considered can be parameterize as
L(θ) =ατ (∂τθ)2 + αx(∂xθ)2 + αy(∂yθ)2 + βx(∂2xθ)2 + βy(∂2yθ)2 + βxy(∂x∂yθ)2+
+ iγx(∂τθ)(∂xθ) + ζx(∂τ∂xθ)
2 + ζy(∂τ∂yθ)
2 + ixxx(∂τ∂xθ)(∂
2
xθ) + ixyy(∂τ∂xθ)(∂
2
yθ)
(37)
where terms like ∼ (∂τθ)(∂yθ), which can contribute to the observables to the same order of our calculations, are not
generated in integrating out the heavy modes and are therefore absent.
The condensate density, given by n0 = n0↑ + n0↓ = ρ0e−〈θ
2〉, is found by numerically evaluating the integral
〈θ2〉 =
∫
dωd2~q
(2pi)3
1
Aω2 + iBω + C
=
1
8pi2
∫
d2~q
1√
AC +B2/4
(38)
where
A =ατ + ζx q
2
x + ζy q
2
y
B =γxqx + xyyqxq
2
y + xxxq
3
x
C =αx q
2
x + αy q
2
y + βx q
4
x + βy q
4
y + βxy q
2
xq
2
y
⇒ AC +B2/4 ≈ (αταx + γ2x/4) q2x + (αταy)q2y + (ατβx + αxζx + γxxxx/2) q4x
+ (ατβy + αyζy)q
4
y + (ατβxy + αxζy + αyζx + γxxyy/2) q
2
xq
2
y
=ατ
(
α˜xq
2
x + α˜yq
2
y + β˜xq
4
x + β˜yq
4
y + β˜xyq
2
xq
2
y
)
(39)
Similarly, the correlation function
〈
~Ψ†(~r)~Ψ(~0)
〉
= ρ0e
−〈(θ(~r)−θ(~0))2〉/2 is found by numerically evaluating〈(
θ(~r)− θ(~0)
)2〉
=
1
8pi2
∫
d2~q
1− cos (~q · ~r)√
AC +B2/4
. (40)
The cutoff of the momentum integrals are set by the healing length: qmax = ξ
−1.
For the isotropic case with η = 1 and Ω > Ωc, we have α˜x = α˜y = α˜ and β˜x = β˜y = β˜xy/2 = β˜. The characteristic
momentum scale is given by q∗ =
√
α˜/β˜ and the integral is given by
〈(
θ(~r)− θ(~0)
)2〉
=
1
4pi
√
ατ β˜
∫ (q∗ξ)−1
0
dq˜
1− J0(q˜r˜)√
1 + q˜2
, (41)
where q˜ and r˜ are both dimensionless (measured in units of q∗ and (q∗)−1). For |~r|  (q∗)−1, the integral is dominated
by the small momentum contribution and so〈
~Ψ†(~r)~Ψ(~0)
〉
≈ρ0 exp
(
− 1
8pi
√
ατ α˜
(
1
ξ
− 1
r
))
→ρ0 exp
(
− 1
8piξ
√
ατ α˜
)
as r →∞,
(42)
giving the standard long-range correlation in the condensate.
Alternatively, for intermediate values of |~r| such that ξ  |~r|  (q∗)−1, the large momentum contribution of the
integral dominates and it gives a power-law correlation function
〈
~Ψ†(~r)~Ψ(~0)
〉
∼ρ0
( |~r|
ξ
) 1
2K
, (43)
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where K = 4pi
√
ατ β˜ is the effective Luttinger liquid parameter. As such the correlation function has a crossover
behavior set by the characteristic length scale (q∗)−1. In the limit Ω → Ωc, (q∗)−1 diverges and therefore the
correlation function is dominated by the power-law behavior.
Expressions for Z’s and Y ’s in the effective Lagrangian for Ω < Ωc
Zθττ =
g0
g˜0
+
g2sg0mρ0 sin
2 φ0
2g˜40λ
2Zφ0
cos2 φ0; Z
θ
xx =
sin2 φ0
Zφ0
; Zθτx = 1−
gs sin
2 φ0
g˜0Z
φ
0
cosφ0;
Zθττxx =
(Y χθτx )
2(λ2 + 2g0mρ0)
2 − Y θθττxx sin2 φ0λ4 − 4g0mρ0λ2(1− Y χθττ )(1− Y χθxx )
4g0mρ0(λ2 + g0mρ0) sin
2 φ0
;
Zθττyy =
4η2g20m
2ρ20Z
χ
ττ + 4g0mρ0λ
2[(Y χθττ − 1) cosφ0 + η2Y χθττy sinφ0]− Y θθττyy sin2 φ0λ4
(η2(λ2 + 2g0mρ0)2 − λ4) sin2 φ0
;
Zθτxyy =1−
(λ2 + 2g0mρ0)Y
χθ
τx cosφ0 + 2λ
2[4η2(Zχτx − 1) + η2(1− Y χθτxy) sinφ0 + 4(Y θθτxyy − 1) sin2 φ0]
8λ2 sin2 φ0
;
Zθτxxx =1−
(λ2 + 2g0mρ0)(1− Y χθxx )Y χθτx + 8λ2(Y θθτxxx − 1) sin2 φ0
8λ2 sin2 φ0
;
Zθxxxx =Y
θθ
xxxx −
(Y χθxx − 1)2
sin2 φ0
; Zθyyyy =
η2 − cos2 φ0
η2 sin2 φ0
;
Zθxxyy =
Y θθxxyy sin
2 φ0 + Z
χ
xxη
2
(1 + η2) sin2 φ0
+
4g0mρ0(Y
χθ
xx − 1) cosφ0 − η2λ2(Zχxx + Y θθxxyy sin2 φ0 − 2Y χθxxy sinφ0)
2g0mρ0(1 + η2) sin
2 φ0
;
Zχττ =
g20 sin
2 φ0
g˜20Z
φ
0
+
λ2
2g˜0mρ0
cos2 φ0;
Zχxx =
g0(2g˜0mρ0 − λ2 sin4 φ0)
g˜0(2g0mρ0 − λ2) −
g0(gs + 2g0)
2mρ0 sin
2 φ0
2g˜20Z
φ
0 (2g0mρ0 − λ2)
cos2 φ0;
Zχτx =1−
g0g˜0λ
2Zφ0 − (gs + 2g0)g20mρ0
8g˜20λ
2Zφ0
sin2 φ0 cosφ0;
Y χθττ =1−
g0g˜0λ
2Zφ0 − gsg20mρ0 sin2 φ0
g˜20λ
2Zφ0
cosφ0;
Y χθxx =1−
2g˜0Z
φ
0 + (gs + 2g0) sin
2 φ0
2g˜0Z
φ
0
cosφ0;
Y χθτx =
g0(Z
φ
0 λ
2 + 2g˜0mρ0) sin
2 φ0
g˜0(λ2 + 2g0mρ0)Z
φ
0
+
g2sg0mρ0 sin
4 φ0
2g˜20(λ
2 + 2g0mρ0)Z
φ
0
cos2 φ0;
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Y χθττy =
g0 sinφ0
g˜0Z
φ
0
; Y χθτxy = 1−
g0
g˜0Z
φ
0
sinφ0 cosφ0; Y
χθ
xxy =
g0 sin
3 φ0
g˜0Z
φ
0
;
Y θθττxx =
g20
g˜20
+
g2sg
2
0mρ0(Z
φ
0 λ
2 + ρ0g˜0mZ
φ
2 ) sin
2 φ0
g˜30λ
4(Zφ0 )
2
cos2 φ0;
Y θθττyy =
g20(Z
φ
0 − η2)
g˜20Z
φ
0
+
g2sg
2
0mρ0(2λ
2Zφ0 − η2λ2 + 2g˜0mρ0Zφ2 ) sin2 φ0
2g˜30λ
4(Zφ0 )
2
cos2 φ0;
Y θθτxyy =1−
gsg0(λ
2(Zφ0 − η2) + 2g˜0mρ0Zφ2 ) sin2 φ0
16g˜20λ
2(Zφ0 )
2
cosφ0;
Y θθτxxx =1−
gsg0(λ
2Zφ0 + 2g˜0mρ0Z
φ
2 ) sin
2 φ0
16g˜0λ2(Z
φ
0 )
2
cosφ0;
Y θθxxyy =
g0(2g˜0mρ0Z
φ
2 − η2λ2) sin2 φ0
g˜0(2g0mρ0 − η2λ2)(Zφ0 )2
;
Y θθxxxx =
Zφ2 sin
2 φ0
(Zφ0 )
2
;
Zφ0 =1−
mgsρ0(gs + 2g0)
2λ2g˜0
cos2 φ0; Z
φ
2 = 1 +
g2s sin
2 φ0
4g˜20
cos2 φ0.
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